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The r e s t r i c t e d  phblom of t ho .  bodiea, which oonrimts in the 
detonalnat ion of the notion bf a body of I n f i n i t e s i m a l  name under the 
g r a v i t a t i o n a l  aotlon of two other bodlea o f  f i n i t e  mass, haa been 
Investigated by ruy theorettclans and computers. Poincar6 (1) aud 
Birkhoff (2 )  obtained valuable  general r e s u l t r i  Darwin (3), Strthgrm 
and his sohool (4 )e  Sheminu ( r j ) ,  and Goudas ( 6 )  have made ex tenr ive  
conputatione,  have shorn in d e t a i l  how some of the per iodio 6 0 l U t i 0 1 ~ ~  

look, anb have made l imi ted  s tud ie s  of t h e i r  s t a b i l i t y .  
A comprehensive p i c t u r e  of the simpler per iodic  eo lu t ione  l r  

perhaps best a t t a i n e d  by meam of the  concept of a olws of per iodio  
Orbi t s ,  which ooncept ra6 introduced and employed e f f e c t i v e l y  by 
Str8mgren for the c a m  o f  equal f i n f t e  

i r  h a m ,  then one may vary e i t h e r  the  first i n t e g r a l  ( J scob i  aonrtrr t )  

fir the mass r a t i o ,  or both, and then a d j u r t  t he  i n i t i a l  condition8 
c o a t i n u o u ~ l y  t o  give another periodio o r b i t ;  t he  family o f  a r b i t r  so 

obtained i s  s a i d  t o  c o n s t i t u t e  a c lass .  A good understandinq should 
then be reached i f  one c8n descr ibe and explain the  i n t e r n a l  struotum 
of the simpler c laoees ,  and t o  rhor how and why varioue c l s s e e s  are 
i n t e r r e l a t e d .  It is i n  this  sense that the  present program h88 been 
undertaken, r a t h e r  than for the purpose of c a l c u l a t i n g  orbits with 
extreme exactness . 

m ~ ~ e e s .  If one per iodio orbit 

In  the preaent  a r t i o l e ,  which i s  r o s t r i c t e d  t o  the caBe of equal 
f i n i t e  masees) t he re  are presented curves and tables which ehor how 
most of the  main c l s r s e e  of StrElm#ren develop continuously. ( S t r a w e n  
was, i n  most case8, only able t o  give a fer t y p i c a l  members of the  
c l a s s ,  because h i s  rcrk wae done before the advent of the  modern 
e l eo t ron ic  aomputer). C l r b e  (g), whioh was s t s r t e d  by Burrau and 

StrCImgren (7), and c a r r i e d  through about one-half of its development 
by t he  la te  P. Pederem, l a  given completely. Seven new olaaees:  

I 
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(A), <VI, (91, ( a ) ,  (PI, ( r ) ,  and (61, the latter three of whioh are 

We alro i n d i c a t e  how t o  determine eeveral  a l ~ e e s  -f aaymmetric o r b i t r ,  

and w e  show how one may uae a s u i t a b l e  mapping t o  find all t he  periodio 
aolutioae. Inapection r evea l s  t h a t  cont inuat ion t o  the ame of unequal 

just M importent aa c l m e  (g), m e  reported for t he  first time. "1 

maarea i e  s t ra ightforward,  and work is proceeding along these l i nes .  
Def in i t e  atatemante about ultimate a t a b i l i t y  =e, however, very d i f -  
f i c u l t  t o  make, because they require 8 very preciee knowledge of the 
mapping near a f ixed  poin t  ( e l l i p t i c ) .  Maser ( 8 )  haa ahom tha t  

mtab i l i t y  can occur f o r  c e r t a i n  spec ia l  aappinge, but it remains t o  
be aeen whether our rnappinge f a l l  into t h i e  category. 

Eauationa of Motion. 

Suppoee re have two bodies S and J with maeeea ml and m2 re- 
spec t ive ly ,  ~hfch exeeiite c ircuiar  motione about t h e i r  comon center  

of  gravity, and tha t  the  d is tance  SJ between them hae magnitude 2 
u n i t s .  Let UB studx the motion of a th i rd  body P rh ioh  has vaniehingly 
anall m a e s  and move8 i n  t he  same plane 88 S and J do.. 

origin 0 a t  the center  of  grav i ty .  Se t  SO = rl, OJ = r2' SP = r, 

PJ -p. 
The equat ions of motion for P are  

L e t  there be a coordinate eystem (r,y) fixed in the plane, with 

P, S, and J have ae coordinates (x,y), (xl,yl) and (x2,y2).- 

Bow let u8 refer the  motion t o  a r o t a t i n g  coordinate eystem 
( 5  , 7) , where the  j -axis l i e e  along SJ. The angular velocity ie 

u) - (k/2)[(m1 + 1~~)/231/~ - k 
The equations o f  motion i n  this syetem are 

*) Presumably our ( p )  CheS  is the lame figure-of-eiaht c l a s s  ( e l ;  c") 
pred ic ted  by Darwin, for the caee ml - 10 m2, i n  p e r t  V of h i s  
second paper ( 3 ) .  



If we s e t  td = 1, then k 2 Y = 8 ,  and equa t iom(2)  may be wr i t t en  

+i2 = 2 U  - K ( 5 )  

where K i e  the Jacobi constant  (Strzmgrenle no ta t ion ) .  

Equations ( 2 )  are s ingu la r  at r = 0 and f = 0, so t h a t  one 
cannot treat c o l l i s i o n  o r b i t s  on a par with o t h e r  o r b i t s .  To overcome 

t h i e  d i f f i c u l t y ,  Tniele  (9 j introduced a transformation which allows 
one t o  vary parametere of a family ( c l a s s )  of o r b i t s  smoothly, paying 
no s p e c i a l  heed t o  c o l l i s i o n  o r b i t s .  This transformation i s  

5 = cash F COO E + 
'7 = - e inh  F sin E 

d y /  = ( w / r p )  d t  

W e  have the f u r t h e r  equations 

r = coah F + COS E, 

rf = (1/2) (cosh 2F - cos 2E). 

y = cosh F - COS E 

end 

When F = 0, then = cos E + r ,  7 =  0, which corresponds t o  the 

= cosh F - 1 + r2, 47 = 0, 
5 

f -ax%@ between the 2 maeeea. When E - 0, 

which r ep resen t s  the 5 -axis between m 
E - 2 IC* 

m1 and - bo. The l i n e  E = n/2 has coordinates 
l e  the locus  of po in t s  equ id i s t an t  from the  2 maseee. 

than re t. 

and + O C .  Simi lar ly ,  when 2 
= 1 - oosh F - rl, 9- 0, descr ibing the 1 -axis between 

= 7 ,  7= - ainh F, and 

I n  what fol lows,  a dot  w i l l  denote d i f f e r e n t i a t i o n  r e  rather 

The equation f o r  t he  first i n t e g r a l ,  namely ( 5 ) ,  now transforme 
i n t o  

. 
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2 + ?-(1/6)(obrh 4? - 001 ~B)-(?/~)(ooo~ 2P - f m ~  2E) + 16 coeh F 
+ (7/2)(000 B oorh 3T - 008 3E oorh P - 32 000 E)= 2 H (7) 

2 where T = 1: - r  
!!!he d i f f r f o n t i a l  rqurrticmr ( 3 )  t h . u e l v o s  beoome 

P .I -(cosh 29  - coo 215); + aH/bP 

w 
E = (U06h 2F - 001 2 B ) i  + bH/a$ 
W 

In t h e  0-0 of  equal ~ 1 0 0 0 ,  = 0, T K, and 
0. 

( 9 )  
E = (oosh 2P - 008 2s); + (1/4) sin 4E - (T/2) rin 2E - -(ooah 2F - ooa 2B)]i+(l/4) ainh 4P - (T/2)' a i n h  2F + 8 einh F 

men r {  0, the r i g h t  h a d  r i d e r  of ( 9 )  have add i t iona l  terms 
bo 

(10) 
aE - -( r/4)(sin E cosh 3F - 3 r i n  3B corh F - 32 e in  E) 
$; - -( r/4)(-3 coo E r i n h  3F + coo 3E sinh F) 

Tho preoeat r r t i c l e  rill deal w i t h  equal maaaee ( 3-1 O j  , and 80 

oqur t ions  ( 7 )  and (9)  rill be applicable, Let ua first make 80- 

general rerrrks about t he  invariance p r o p e r t i e r  of equation (9). 
Thir equation i r  s t i l l  tho erne if E is replaced by E + x ,  which 

amount., if T =  0 ,  t o  r ep l ro lng  f by - 1 and 7 by - 7 . In o the r  

words, f o r  equal masoem the  ph7rical a p t e m  remain8 invariant under 8 

r o t a t i o n  of 180.. 
The re reraed  motion is obtained e i t h e r  by rep lac ing  y w i t h  - r/ 

o r  by oh.ngin8 F t o  -F. The latter l e  oqulvrrlent t o  the transformation 

f' = f 
preoeding, t o  r e f l e c t i o n  about tho ?-axis, 1.e. f = -f , 9- 7. 
The equat ions ( 9 )  are thur  invar ian t  under E 

?'- -7 ,  or r e f l e a t i o n  about the  -axis, end a l so ,  from the  
I 4 

I # - x - E, F = - F. 

per iod to  Solutiono. 

The periodic 8 O l U t i O U r  occupy en important p l a c e  i n  the  theory 
of the  equat ions,  beaaure e--of them are q u i t e  a t a b l e  and the eyetom 
s t a y s  toge ther  f o r , s  *-- l o n g  time. Therefor. our ftrrt truk rill be t o  

We need l o c s t e  where -the per iodic  solutianrr 8x0, i n  g.a8ral. 
only d e t 8 m i n e  tho simpler periodic  ao lu t ions ,  becaure Birkhoff has 
proved the existenco- of ro lu t ion r  wUah have periods that  cue mul t ip les  
of the  baa ic  period. A revision of t h i s  proof of Birkhoff ' r  Fixed Poin t  
Theorem has been giwon br S i o ( ~ . l  (10). 



5. 

If t h e  motion of a dyna8lcal rystom i o  t o  be per iodic ,  t h i o  oeaur 
t h a t  after a period 
values.  b l t s rn r t i . ro ly  r f r f e d ,  one met In @eneral so lve  a system of 

. aon - l lnea r  ordinary d i f f e r e n t i a l  oqaa t iono~  rubjeo t  t o  the boundary oon- 

the dynuical variables retam t o  t h e i r  o r i g i n a l  

d l t i o n r  t h a t  the f i n a l  poi l t lone  md v e l o c i t i e s  rust have the  same 

values  ae the  I n i t i a l  ones. 
L e t  ue f i r a t  consider motion i n  one dimension rub jec t  t o  a foro. 

rh loh  i o  no t  e x p l l o i t l y  dependent on tho t i m e .  Tho equation of motion 
2 + f ( u )  - 0 ha8 a f i r e t  i n t e g r a l  = h - V(u), where h i s  constant  

and V l e  the  p o t e n t i a l  energy. If V hrrr a m i n i m ,  then l i b r a t i o n s  will 
occur i n  the v a l l e y  of V, m d  the  period m r y  be determined by a 
quadrature.  Given h and u, one can de to la ino  t h e  v e l o c i t y  & except f o r  

sign. The per iodio notion8 aey be eae l ly  v i s u a l i r e d  by drawing the 

t r a j e c t o r i e s  i n  the  ph88e plane (u,<). 
It is nomewhat more d i f f i c u l t  but r t i l l  f e a s i b l e  t o  c h a r s a t e r l r e  

periodic! motion i n  2 dimenslone, such no I s  the case f o r  the  r e e t r i c t e d  
3-body problem. Let the  Jscobi  oonstant K have a d o f i n i t e  value,  and 
oonsider t he  t o t a l i t y  of poriodic  motionr belonging t o  t h i a  value. 

They w i l l  be closed curve8 i n  the  (&F) plane,  which we e h a l l  c a l l  
j ieencurvee.  These ourves o m  be s p m e t r i o  with respec t  t o  (1 )  the  

-axis  ( 2 )  the  7 - u i m  (3) both the 8 -axis and the 9 -axis or 
(4 )  n e i t h e r  the  

[The eymmetry p rope r t i e s  of the equat ions do not  by any memr 
- a r i a  nor the  9 -=io. 

excludo &symmetric so lu t ions ,  but ouch so lu t ions  have h i t h e r t o  been 

l a r g e l y  Ignored because they e r e  somewhat more complicated and a l s o  
l e s e  easy t o  loca te .  However, S t r b g r e n  (4)  (see tableau V, f i g .  8 )  

g i r e e  one example and Babe (11) some o the rq l  When T i m  v a r i ed  con- 
t i n u o u l y ,  the eig8IiOwTOa a la0  ohmge oontlnuously,  and generate  
e imnsur faces  in (X,?,T) rpaoe. The t o t a l i t y  of thoro eur faces  is thus 
a r ep resen ta t ion  of per iodic  motion f o r  o u r  problem. Yore genera l ly ,  

one can l e t  7, the maas-ra2io parameter, vary and see how the  eigen- 
su r faces  ohange. Each d i s t i n c t  surf800 is said t o  represent  a c lass  

of pe r iod ic  so lu t ions .  

Location of Per iodic  Solut ions.  

For 8 given K, fasue t h a t  the eigencume io cu t  by some l i n e  ouoh 

M E I const. Then w e  m a y  take th ia  v d w  u our i n i t i a l  and f i n a l  
value of E, and consider t he  transformatima S whiah carries the  I n i t i a l  
value of E over i n t o  Its f i n a l  value. Thio t r rn r fonna t ion  w i l l  



eimultaneouely take the i n i t i a l  valuer o f  F and & i n t o  new ones, 
i .e.  gtFi,Bi) = ( F f , k f ) .  Thio m a y  be rogarded as mapping the  (F,&) 
plane i n t o  i t s e l f .  How, for any a) the oquatlon S ( a , t i )  - (a , i  ) gives 
t h e  i n t e r s e c t i o n  of  t he  map of ? = a with the  l i n e  F .I a i t se l f ,  and 
If a be a l l c r e d  t o  vsry, w e  obts in  the locue o f  ttalr i n t e r sec t ions .  
Likewise, from 8(Fi,b) = (FJ,b)b we obtain the  looue o f  "b" i n t e r -  
seot ione,  and the  in t e reec t ions  of  the two loc i  rill be the f ixed  
p o l a t s  8ta,p) = (a,p ). These f ixed  point8 cha rac t e r i s e  the  per iodic  
molutione which i n t e r s e c t  t he  given l i n e  E = const. 

3 

Such a method of obtadning periodlo ro lu t ions  f o r  a given K i e  
systematic  and thorough, and it guerauteee t h a t  important pe r iod ic  
so lu t ions  rill not  be overlooked. In  p rac t i ce ,  i t  can involve exceeaive 

l abor  of computation, so t h a t  i t  i e  often b e t t e r  t o  use o the r  methods 
baaed upon the physical  na ture  of  the  problem. Theee w i l l  now be 

disCUe8ed. 
The simplest  type of per iodic  solut ion i a  that  where the p a r t i c l e  

i s  at rest  i n  the  r o t a t i n g  eyetem, which may oocur a t  the l i b r a t i o n  
polnte.  Theee me five i n  number, namely L1 : E = ? x/2, F = 0; 

L2 t E = 0, F = 2 1.52068 L I E = X ,  F = ? 1.5206; L t 

E = 7 ~ / 2  
3 4 

F = 2 1.3169588 and L5 t E = ? ~ / 2 ,  F 9 2 1.316958. Alma, 
one might expect r e l a t i v e l y  eimple per iodic  so lu t ions  near  one of t he  

maaees, e ince  the inf luence  of the o t h e r  maes would be 

s m a l l  there .  
According t o  StrESmgren, eaoh claae hae a n a t u r a l  beginning and 

n a t u r a l  end, and these can coincide. Furthermore, the  beginning and 
w i l l ,  i f  no t  i n f i n i t e ,  be related t o  the pos i t i ons  of  the  massee or 
of t he  l i b r a t i o n  p o i n t s ( n i s  w i l l  be made more e x p l i c i t  below3 Thie 
p r i n c i p l e  enables one t o  discover  at l e a s t  one per iodic  o r b i t  be- 

a 

end 

longing t o  a claee. It is then a simple matter t o  vary an appropriate  
i n i t i a l  condi t ion,  e i t h e r  E o r  F, and t o  determine how K must vary 
t o  preserve per iodic i ty .  Thua the whole class may be t raced out. 

Stramgren confined h i e  a t t en t ion  mainly t o  o r b i t s  which were 
e-etrical e i t h e r  w i t h  reepect  t o  the E-axis, or t o  the F-mi8 ,  or 
perhaps both. T h i s  makes the loca t ion  of  a per iodic  o r b i t  rather easy 
for  a given K ,  becauee one knows that the  i n i t i a l  i n c l i n a t i o n  is 

~ perpendicular  t o  one of these axes. Then i t  is  only neceeeery t o  vary 
I t he  d ie tence  along the  a x i r  u n t i l  the  f i n a l  boundary condi t ions w e  f u l -  

f i l l e d ,  provided of course that a per iodic  o r b i t  of the des i red  type 
does e x i e t  for t he  value of K i n  question. 

~. 



many c l a s s e s ,  a natural tarmina?i,ci., LEI ar, asymptoxic o r b i t  

~ * > ; ? I ; ? C - . T ~  $ > t a t  Tram L 
tu t h i  f -axis md s p i r a l  i n t o  JJ 

G,amp?rd  o f  such o r b i t s  are giken by Strdmgren ( 4 )  (see Fig. 15 

an< Tableau V.  ioc. c i t ) .  I f  one knows these  l i m i t i n g  o r b i t s ,  then a 
'cchniqut is needed for f ind ing  t h e  o t h e r  members of  t h e  class. 
*.'?e f e a s i b l e  method is t o  Peke use o f  the c o i l i n p  propertv n f  the  
- - I g ~ r l  erl-face which w i l l  now be explained. 

(c'r Lq). This 3an be symmetric with r e spec t  4 J 

or aymmetvic wi th  r e spec t  t o  the 
f 5 

4' 
.atis Land s p i r a l  i n t o  L o r  comqI.pt?Z:i ssymetric and s p i r a l  i n t o  L 

4 '  

?SF k is a r a t h e r  simple one and i s  wei l -sui ted f o r  t h e  demon- -. 
i. -a '*--~r! o f  t h e  co i l ing .  If one considers  the  p r o f i l e  o f  t h e  eigen- 
sur face  corresponding t o  the  plane E = 0, , t h i s  i s  a curve which begins  
wi th  a s p i r a l  about a po in t  F = Fi,  K = 11 and ends with a s p i r a l  
s h c , s t  another  po in t  F = F K = 11. The po in t s  Fi and F are t h e  

j' j 
F- in te rcepts  of Strgmgren's asymptotic o r b i t s  I and 11. Since t h i s  
rc l i l ing  does occur  f o r  a l l  c l a s s e s  ( f o r  r=  0) which terminate  i n  
asymptotic o r b i t s ,  w e  are assured t h a t  t he re  w i l l  be an o r b i t  of  the  
c lass  a t  a f i n i t e  d i s t ance  from F. ( o r  F ' and with K = 11. This simple 
observa t ion  enables  us  t o  f i n d  such an o r b i t  r e a d i l y ,  provided one 
knows what the l i m i t i n g  o r b i t  o f  the c l a s s  is .  And i t  does n o t  matter 

g r e a t l y  i f  the  o r b i t  i s  an asymmetric one. 

1 j' 

Some l i m i t i n g  o r b i t s  f o r  asymmetric c l a s s e s  can be  found i n  a 

simple and systematic  manner. These  are the  o r b i t s  which begin and end 
a t  L An o r b i t  which ends a t  L w i l l  be t h e  mi r ro r  image i n  t h e  - ax i s  

4. 4 7 
cf one which begins a t  L Now a l l  the asymptotic o r b i t s  ca l cu la t ed  by 

n o t  far  from Strijmgren c ross  t h e  7 - a x i s  a t  points  w i t h  o rd ina te s  
L 

s lope  d 7 / d f  a t  a subsequent crossing versus  
t h e  c ros s ing ,  t h e  r e s u l t i n g  curve C may be r ega rded  as c o n s i s t i c g  of  
two - p a r t s ,  C+ if d y / d f  > 0 and C- i f  d?/d) 4 0. Now rep lace  a l l  

o r d i n a t e s  of  C- by t h e i r  negat ives ,  thereby obta in ing  t h e  mi r ro r  image 

-m, 
curves which begin and end a t  L and these  need  no t  be s y m e t r i c  

e i t h e r  t o  t h e  f-axis o r  t o  the  
o r b i t  for an asymmetric c lass .  

4 '  
70 , 

and a t  an angle  o f  57"42.25' with the  /?-axis. I f  w e  p l o t  t h e  4'  
"/ at the value o f  

"3c 

+ and i n t e r s e c t  t h i s  image with C . The i n t e r s e c t i o n s  w i l l  give us 

4 '  
-axis. If n o t ,  w e  have a l i m i t i n g  /7 



I n  o rde r  t o  demonstrate how the  p r inc ipa l  simple symmetric 
c l aaees  develop, w e  show two p r o f i l e s  of t h e  eigensurfaces ,  toge ther  
with enlarged drawings where neces~ary.  Figure l a  i s  a p l o t  o f  I[ vs. Et 
for Fi = 0 and Fi > 0, Figure lb an enlargement of p a r t  of Figure la. 
Figure 213 is a p l o t  of K vs. Fi f o r  Ei = 0 and ii > 0, and Figures 2b 
and 2c are corresponding enlargements. (The r e s t r i c t i o n s  $i > 0 

and fii > 0 are introduced f o r  purpoees of c l a r i t y  i n  representa t ion) .  

If  two p r o f i l e s  i n t e r s e c t ,  the point  o f  i n t e r s e c t i o n  correeponds 
t o  an o r b i t  which i s  common t o  the  two c lasses .  For ins tance ,  i n  
Figure l a ,  the  i n i t i a l  values  Ei a r e  then the  same, Fi = 0, K ha6 t h e  

same va lue ,  and Pi is p o s i t i v e  in both cases. The o r b i t  i s  uniquely 
determined by these i n i t i a l  Conditions and t h e  d i f f e r e n t i a l  equations,  
and s o  must be a c n m m  m e .  Zo.rre*rer, i f  Fi had teen negat ive i n  one 

case and p o s i t i v e  i n  the  o ther ,  the conclusion would not  be co r rec t ,  
and t h i s  is the  reason f o r  our convention t h a t  gi s h a l l  be poe i t i ve  f o r  
t he  p r o f i l e .  

I f  two  p r o f i l e s  are c lose  t o  each o the r ,  t h e  o r b i t s  o f  t h e  two 

. 

c l a s s e s  w i l l  be c lose  i n i t i a l l y ,  and usual ly  c lose  over an appreciable  
i n t e r v a l  of time. Eventually they w i l l  d iverge because, belonging t o  
d i f f e r e n t  classes, they w i l l  sa t isfy d i f f e r e n t  f i n a l  boundary 
condi t ions,  i n  general .  However, s ince both o r b i t s  are per iodic ,  t h i s  
divergence i s  l a t e r  compensated f o r  by a corresponding convergence, so 

t h a t  no immediate conclusion about s t a b i l i t y  can be drawn. 

I n  Figure la, an i n t e r sec t ion  of a p r o f i l e  with t h e  K - a x i s  marks 
the  po in t  Ei = 0, Fi = 0, so t h a t  w e  have a "per iodic"  e j ec t ion  o r b i t  

with Ei = 0. For Figure 2a, similar i n t e r s e c t i o n s  g ive  "periodic" 
e j e c t i o n  o r b i t s  with fii = 0. (The word "periodic" i s  used here i n  a 

loose sense. These o r b i t s  are n o t  ac tua l ly  per iodic  phys ica l ly ,  but 
the nearby o r b i t s  of the  c l a s s  a r e ,  and there  i s  a p e r f e c t l y  smooth 
t r a n s i t i o n  through t h e  e j e c t i o n  o r b i t ) .  I f  a c l a s s  does have an e j e c t i o n  
o r b i t ,  i t  becomes very easy t o  loca t e  the c laes .  Accordingly, we show 
i n  Figure8 3a and 3b e j e c t i o n  o r b i t s  f o r  Ei = 0, i n  Figures 4a and 4b 
e j e c t i o n  o r b i t s  f o r  Fi = 0, and i n  Figures 5a, 5b, and 5c e j ec t ion  
orbits f o r  K = 10 as a funct ion of angle o f  e jec t ion .  

. 

. . 

According t o  StrGmgren, a c l a s s  is e i t h e r  c losed o r  has a n a t u r a l  
beginning and a n a t u r a l  end. In prac t ice ,  t h i s  means t h a t  the eigeii- 

aurface is e i t h e r  c losed,  becomes i n f i n i t e  a t  one of t he  masses, 
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atretohes to infinity, or is bounded by a limiting curve (asymptotic 
orbit). Combinations of theee latter poesibilities occur, as the 
general rule. 

symmetry properties (including complete aeymmetry) . In some cases , 
one may integrate over one half period or even one quarter period, 
epecifying certain initial and final boundary conditions. These con- 
ditione remain the eame throughout the class, while other properties, 
such aa whether the motion is retrograde or direct, or simply - or 
multiply - periodic, m a y  not. Strcmgren did not confine himself to 
claesee with simply - periodic orbite throughout, and he did omit 
claeees which are 88 simple as the ones he included. 

is defined by Fi = 0, ii = 0, Ef = ~ / 2 ,  and sf = 0. It starts with the 
libration point LIS K = 16? Ei = n/2, The nrbitr !  in the ~ e i g h b ~ r h ~ t d  
are eimply - periodic and retrograde, and all are symmetric with re- 
epeot to E = n/2 and F = 0; Class (f) is defined by F, = 0, E, < 0, 

A olase is a continuoue family of periodic orbits with certain 

Three fairly simple "open" clasees are (c), (f), and (m). Class (c) 

. A A 

= 0 ,  Pi > 0, E~ = 0, if = 0. It starts at mas8 m2, K = r ~ )  , Ei = 0, 
The nearby orbits are simply - periodic and retrograde, and all are 
symmetric with respect to E = 0 and F = 0, For both claeses, K falls 
rapidly at the start and goes through a series of damped oscillatione 
a8 Ei decreases (or a8 F increases). The (c) profile stays below the f 
(f) profile, running more o r  less parallel to it; the two profiles 
oannot intersect because of the different symmetriee. The theory of 
thie behavior at large distances has been given by J. P. Yeller (12). 

The class ( 0 )  has been included in the tables for completeness, 
but not in the figuree (because the maximum value of K is only about 
K = -2.47i.This class of retrograde periodic orbits around the two 
finite meusaea also hee retrograde motion in the fixed coordinate frame 
(due to the high velocities at all points of the orbits). The class 
begine with circles of infinite radiue but zero period (in the limit, 
of course, as K goee to -00 and F. goes to +&. As the class develops 
by closing in on the massee, the orbits become ellipees of increaeing 
eccentricity, In the limit (ae K again goes to but F. now goee to 
zero) the orbits become rectilinear orbite between the two masses, 
with zero period (i.e. an ellipse of eccentricity one). 

Claee (n) is defined to be symmetric with reepect to just the 

= 1/2 

1 

1 

E-axle, and retrograde. Ita profile for  Fi = 0 ie periodic in E, with 
period x, as are the differential equations themeelvea for 
(7 - 0 ) .  Thie clase is therefore cloeed in the (J  ,ty) syetem, the one 



with  immediate physical  meaning. Between the  minimum value of K and the  
value a t  Ei = 0 the  o r b i t s  are doubly - per iodic  about one of the masses 
in t h e  0, T) system, but from the c o l l i s i o n  value of K t o  i t s  m a x i m u m  

they  are simply - per iodic  l i b r a t i o n s  between the masses. A t  the  minimum 

value  of K t he re  i s  8 common o r b i t  w i t h  c l a s s  ( f ) ,  s ince  the re  i s  then 
symmetry a l s o  with reepec t  t o  the  F-axis. A t  the m a x i m u m  value of K t he re  
l e  an o r b i t  i n  common with a l a a s  ( c ) ,  and i n  t h i s  case symmetry with 
r e spec t  t o  the  7 -axle (E = n/2) . 

C l a s t 3  (a) is defined t o  be symmetric about t h e  F-axis only, and r e t ro -  
grade. Its  s implest  member is the  e ta t ionary  l i b r a t i o n  poin t  L2. The c l a s s  
l e  a closed one, so has no beginning or end, but i t  i s  convenient t o  start  
with L2 and follow the  developmenti Here the  value of K i s  a maximum, 
corresponding t o  the  f a o t  t h a t  the  ve loc i ty  i s  zero. But t h i s  value f a l l s  

r a p i d l y  as F, i s  increaeed. The o r b i t e  a t  f irst  are simply - per iodic  
l i b r a t i o n s  about L2, and remain so u n t i l  t he  e j e c t i o n  o r b i t  i s  reached. 
The value of K goes through a minimum somewhat before  t h i s .  After  the 
e j e c t i o n  o r b i t ,  the  motion i a  doubly - per iodic  about the mass m2 i n  the  
( $  ,?) system. The value of K increases  from t h a t  a t  e j e c t i o n  t o  a m a x i m u m  

and then drops t o  another minimum, a f t e r  which the  o r b i t s  a r e  r e t r aced  i n  
f'everee eequence t o  L A t  t h i s  minimum f o r  K ,  there  is an o r b i t  i n  common 
with c l aae  ( f ) ,  s o  t h a t  f o r  t h i s  point  only there  i s  symmetry about both 
the  E-axis  and the  F-axis. (The above development can be followed by 
referring t o  Figure 2a, and observing tha t  the f u l l  l i n e  i s  a semi-profile 
of t he  eigeneurface.  Each o r b i t  has  t w o  i n t e r c e p t s  on the F-axis, of the  
same s ign  f o r  l i b r a t i o n s  and o f  opposite s ign  f o r  motion around the  mass). 
From Figure 2a, i t  i s  evident  t h a t  there i s  a m a x i m u m  value of K j u s t  

- 

2' 

after e j e c t i o n  and t h a t  the m a x i m u m  value of Fi occurs soon a f t e r  t h i s ,  
1.8. I s  no t  coincident  with e jec t ion .  It should be noted t h a t  the  data of 
Stramgren were extremely scanty f o r  c l a s s  ( a ) ,  so t h a t  i t  was impossible 
t o  cons t ruc t  an accura te  p r o f i l e ,  such as i s  here presented. 

As a t h i r d  and f i n a l  example of a closed c l a s s ,  l e t  us consider  
c l aee  (a), t he  p r o f i l e  of which i s  shown i n  Figures 2a and 2c. This c l a s s ,  
which w a s  unknown t o  Stramgren,is about as simple as class (a). It i a  a 

olaee which i s  gene ra l ly  symmetric crnly about the F-axis, and i s  p a r t l y  
re t rograde  and p a r t l y  d i r e c t .  A t  i t s  maximum K i t  has an o r b i t  i n  common 
with c l a s s  (g), as a l s o  at i t s  minimum K. The first is  d i r e c t  and the 
second re t rograde ,  and both are symmetric with r e spec t  t o  both the E- and 

0 
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F-~xos. At the  m a x i m u m  K, the  motion is doubly - per iod ic ,  and d i r e c t  about 
the ma8e. It remains s o  u n t i l  the  e j ec t ion  o r b i t  i s  reached, when i t  
changes t o  a d i r e c t ,  simply-periodic l i b r a t i o n .  This behavior p e r s i s t s  

unti l  an intermediate  minimum f o r  K, where the o r b i t  has but one i n t e r c e p t  
on the F-axis. The l i b r a t i o n  then changes t o  a re t rograde  one u n t i l  the  

second e j e c t i o n  o r b i t ,  when the  motion becomes doubly - per iodic  and retro- 
grade around the mass. After K reaches the  second minimum, where the  o r b i t  

is i n  common with the (e) c l a s s ,  t he  development of the  c l a s s  proceeds i n  
reveree  sequence back t o  the  m a x i m u m  value f o r  K. The genera l  behavior of  
class ( 6 )  is i n  some re spec t s  s i m i l a r  t o  t h a t  of c l a s s  (a ) ,  even though 
the l a t t e r  has only re t rograde  motions. 

The remaining c l a s s e s  i n  t h i s  paper are a l l  ones which terminate  on 
asymptotic-periodic o r b i t s  f rom L and L W e  have completed c lasa  ( g ) ,  
made class (k) more p rec i se  and complete, and have discovered and t raced  
out  6 o t h e r  new c l a s ses ,  which we designate by (a), ( p ) ,  ( g), ( 3  ), (p ), 
and ( v ) .  Class (a) was the  first t o  be discovered, and i s  shown on 
Figures 2a and 2b and a l s o  tabula ted& It i s  complicated and of minor 
importance, so t h a t  i t  w i l l  only be defined, as cons i s t ing  of o r b i t s  which 
start out  with E = 0, $ = 0, k > 0 and a f t e r  exac t ly  one-half per iod 
s a t i s f y  these  same condi t ions (but  F has assumed a value d i f f e r e n t  f r o m  the 
i n i t i a l  one). The o ther  c l a s ses  i n  t h i s  group are only a small f r a c t i o n  of 
the  poss ib l e  ones assoc ia ted  with L and L as i s  e a s i l y  seen from the 
systematic  method of generation. Stremgren l i s t e d  5 simple per iodic-  
asymptotic o r b i t s  and mentioned t h a t  one could combine these h a l f a r b i t s  
together .  As a matter  of f a c t ,  any such combination can be regarded as the  
l i m i t i n g  o r b i t  o f  a c l a s s ,  and w e  may t r a c e  out the  c l a s s  by the method 
deacribed previously.  The c l a s s e s  presented i n  t h i s  paper a r e  simple ones 
which have been easy t o  loca t e ,  and i t  i s  hoped t h a t t h e i r  study w i l l  

f u r n i s h  a good p i c t u r e  of the genera l  behavior. 

4 5' 

4 5' 

Figure l b  shows the p r o f i l e  of c l a s s  (g) i n  the neighborhood of our 

2 new c l a s s e s  ( p )  and ( 
c lassee .  Class ( p )  cons i s t s  of t r a j e c t o r i e s  which a r e  symmetric with 
reepec t  t o  both the  E- and F-axes. One q u a r t e r  of each t r a j e c t o r y  i s  a 

curve which starts up normal from the E-axis and ends normal t o  the F-axie 
and with > 0. Let us denote by VI1 t ha t  periodic-asymptotic o r b i t  which 
proceeds from L c rosses  the F-axis once and then s t r i k e s  the F-axis 
normally a t  about F = 1.75. Then one-half of one l i m i t i n g  o r b i t  f o r  the  
( p ) - c l a a e  i s  composed of ha l f -o rb i t s  I11 and VII, while the o the r  
h a l f - o r b i t  cons i e t s  of IV and VII. The motion i s  f o r  most of the  clasa 

), toge ther  w i t h  the p r o f i l e s  of  the  l a t t e r  two r 

4' 
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d i n o t  mound tho mi, but thoro ir a amall portian rhore lli< 0 .sd tho 
rotion is r e t r o g r d o .  CIJUBS ( )') 1s rymotrio i n  m o r e l  on17 a o s t  th. 

mort p a r t ,  d i roo t ,  wr orah 

WUi80 Whoa K is a mutimum, 0th. i n t o r w p t  i o  tho n-tire of tho othor. 
The two limitfly o r b i t s  aro each 0oigor.d of  2 half-orbite (oorbinod in 
OppoOitO W 4 0  8t tho k 0  Opir8l md8) -0 Of rh ioh  i 8  Sfrb.brm'8 111, 
rhile t h e  other (Xff) aoaes f r0d9~  - 1.71951 rad hteroepts tho & . d m  
normlly a t  4.037282, 

!!?he i n t e r r e l e t l o n a  of the &ore olrroeo are i n t e r e s t l a g .  C l a w  (p) 
hu aa a quar te r - t raJootory  a curva ending rith & > 0,  a l e  61800 (g) ha8 
for % t o  slmllu. -e one ending w i t h  & <  0,  60 thcrt the p r o f i l e s  cannot 
poro1bly i n t e r m o t .  Cb&as ( I )  has a t r a j ec to ry  s y m e t r i o  about the F - d r  
8% its mima81 I[, 80 that  0188s (43) om and does i n t e r s e c t  clme ( I )  there, 
me (g)=prefil: ~aa:  an- ~ 1 6 s ~  t o  *&e (#)-profile over a coneiaarabie 

r-, i nd ioa t ing  that onby & amdl C- in  ulope near the end a% the 
q ~ u r t e r - t r a j o o t o r y  rill cause a o h m  froa elrur (e> t o  olaes ( p > .  
C l s r r  ( P I  oan perhaps Be regarded 68 a s o r t  of combination of c l a m  (g) 
with dse8  ( a ) ,  and 88 oorrespondhg t o  D.nin'8 figure-of-eight c l a m  
(C-*+C") for/ = 10/11 < r -  -g/ll). In Figure 2b, we see t h a t  i t r  %profile 
f a  botrorm those for ( a )  and (g). 

Pigura 2b ahow6 p a r t i a l  p r o f i l e s  of o l u s e s  (a), (e), ( V  ), ( p ) ,  aad 

(a). A l l  these  ulseses exoept (a) have llmitlng o r b i t s  consi8t ing i n  part 
of s o r i - o r b i t  V I I .  If the  prof i les  wero dram t o  corplotion,.  they rould 
.11 s p i r a l  around the l i a i t i n g  F-intercept of V f I  at K = 11. Thfe happenr 
for one end of (a), one end of (g) , and both eade of (p) and ( v  ). 
C l a m s  ( Y )  e t a r t s  out  normal t o  the F-axis with 5 > 0 and s t r i k e s  the 
7 - a i 8  (E .I - n / 2 )  noraal ly .  Sinoe the88 boundary condi t ions are not  
oorpa t lb le  wi th  those for ( g )  and ( p ) ,  the p r o f i l e s  for these two cla8s08 

rill not be in te reoc ted  by that  for class (v ). C l a s s  ($ ) has a niarimt~ 

at about K = 13.72 near L2, and a miniatpu ot SC = 9.08. A t  one s p i r a l  end it 
has aslimiting ha l f -o rb i t  the L i m i t i n g  Orbit ?XI. me other end hsa a double- 

spiral combination of L i m i t i n g  Orbi t  V I 1  plus half of Limiting Orbit 2 

( s e e  S t r ampen ,  loc.cit . ,  Tableau V, Figure 2)  arr its half-orbit. A8 t he  
l-ting o r b i t 8  of (u), (e), ( v ) ,  and ( p )  are approaohed, the p r o f i l e a  
come very o l o ~ e  together ,  which ref leuto  the faat that the  limitin& orbits 
8ll h8ve aeni -orb i t  V I 1  In common. 

Figure 2c ehorrr i n  d e t a i l  the  relation between oleaoes (g), ( 6 ) ,  (a), 

u i r  o l u r  (n), bot it i o ,  for 
pZd68Ib lO V 8 l W  for Kr tho- i 8  at  l o u t  Ope pai r  O f  ht0mOpt6 OQ t& 

(k), and (7). FQF Fi > 0, classes (e), (a), (a), and (k) run d o s e  togother, 
L 



because there i s  a large loop i n  the t r a j e c t o r y  and only a small v a r i a t i o n  
in 
change from t h e  s a t i s f a c t i o n  of one f i n a l  boundary condition (say $ = 0 at 
E = x/2) t o  another (say 
about t h e  F- and y-axes, runs between t h e  2 l i m i t i n g  ha l f -orb i t s  I and 11, 
w i t h  large v a r i a t i o n  i n  K. Clase (p), which i s  j u s t  symmetric about the  
F-axis, runs between a l i m i t i n g  o r b i t  I + V at one end and I1 + V a t  the 

other ,  wi th  only small va r i a t ion  i n  K. This may be due t o  the  f ac t  t h a t  
o r b i t  V corresponds t o  a large Fij and t h a t  only a small change i n  the  
v e l o c i t y  there  can lead t o  a l a r g e  change of  s lope  a t  the  o the r  end of t he  
t r a j e c t o r y  (a t  small Fi). The o r b i t s  of (p) loop around both L and L 
bu t  remain outs ide  the  mass m2 f o r  most of the  c l a s s  (i.e. except for t h a t  
p a r t  which approaches Limiting OrSit 11, with F i>  0). They d i f f e r  f r o m  the  
o r b i t s  of the  (k) c l a s s  because of the ou te r  por t ion  associated with 

Limiting Orbit  V. 

Fi is necessary t o  change t h e  or ien ta t ion  of t h i s  loop, and hence t o  

= 0 a t  F = 0).  Class (k), which i s  symmetric 

5' 4 

Figure 2a shows c l a s s  (1) and how i t  s p i r a l s  around the Fi of V. 

Another new c l a s s ,  (?,), Epira l s  about a point  with Fi s l i g h t l y  less than 
that f o r  V ,  and corresponding t o  an asymptotic o r b i t  ( X I I I )  s t a r t i n g  from 

looping near L and then h i t t i n g  t h e  F-axis normally. The K f o r  t h i s  L5 , 4 '  
claes f a l l s  o f f  with increas ing  Fi. One o r b i t  of t h i s  c l a s s  w a s  erroneously 

-signed by StrBmgren t o  c l e s s  (1). 
and Ei, re To g ive  a general  i dea  o f  how the t r a j e c t o r i e s  vary with F i 

have choaen a convenient value o f  K = 12.5  and p l o t t e d  the corresponding 

t r a j e c t o r i e s .  Figure 6a covers the  range from Fi = -1.25 t o  F~ = -0.5, 
Figure 6b shows Fi = -0.7 t o  Fi = 1.75, and Figures 6c and 6d show how the  
t r a j e c t o r i e s  depend on Ei ( f r o m  Ei = -1.8 t o  Ei = 0, and Ei E. 0 t o  Ei = 1.6). 
By r e f e r r i n g  t o  these d i a g r m s ,  i t  i s  easy t o  see when the  var ious boundary 
condi t ions,  f o r  per iodic  o r b i t s ,  w i l l  be s a t i s f i e d .  

Figure 7 shows t h e  d i f f e r e n t  per iodic  o r b i t s  themselves f o r  K = 12.5. 

I t  i s  p a r t i c u l a r l y  i n t e r e s t i n g  t o  note how, when t h e  p r o f i l e s  a r e  c lose ,  
the o r b i t s  themselves a r e  c lose  over a good por t ion  of t h e i r  pathe. For 
example, t he  (6) class i s  a s o r t  of combinetion c l a s s ,  which i s  poss ib le  
because t h e  f i n a l  E f o r  the  lower-right (8) class o r b i t  (with Fi* 0.15 
and Ef'=i) 1.35) i s  not  too d i f f e r e n t  from i n i t i a l  E f o r  the  upper-right 

-3 ( 8 )  class o r b i t  (with Ei 1.2 end Ff = 0.8). A l l  t h a t  i s  needed i s  a s m a l l  
~ 

change o f  s lope from the  v e r t i c a l  t o  e f f e c t  t h e  t i -xmit ion t o  t h e  ( 6 )  clazes 

o rb i t .  If w e  look a t  Figure la ,  t h e  two "branches" of the  (g) c l a s s  run 
para l l e l  and not  too far  apa r t  i n  t h i s  region,  for 9 wide v a r i a t i o n  in K. 



Figure6 88,  Bb, and 8c ehor, f o r  the  first time, the de t a i lod  and 
coap le t e  development of clause (e). StrClmgren wrote "It i s  cer tacn  t h a t  

in one ray or another  th i s  claes ie l leesociated" with the point.; L 

t I t .  But t h i e  statement lacked e f f e c t i v e  content ,  s ince  the  manner of 

a seoc ia t ion  w a s  completely unknown. P. Pedereen, i n  unpublished cslcul- 
a t ione  made j u e t  before h i e  death i n  1958, followed c l a e s  (g) t o  
K I 7.6. We obtained more point8 on the  p r o f i l e s  t o  t h i s  s t zqe ,  c.:d 

t r aced  the c l eee  t o  i t s  l i m i t i n g  orb i t .  The i n t e r p r e t a t i o n  of i t s  
behavior i e  r a t h e r  impoeeible unleas one knows of the ex is tence  o f  

c l aeees  ( 6 )  , ( g ) , ( /3 ) , and ( J J )  

Claae (g) begin8 with d i r e c t  motion around mass m2. The asrjlitvlde 
i n  both E and F d i r e c t i o n s  increaaes  un t i l  a cuep develops, f o l l o , , d  by 

e loop. Now the  F-profi le  becomes close t o  t h a t  of the  ( 6 )  c l z r o ,  v;l',h 

which t h e r e  are 2 i n t e r e e c t i o n s ,  one at  maximum K and the  o t t n r  2 :  

minimum K. The E-profi le  i s  a t  the  eame time c lose  t o  t h a t  f o r  C1z .73  ( c ) ~  

aa is e a s i l y  poes lb le  when the  Loop is t i g h t ,  and s m a l l  c h a n p s  $7 
s lope  are a l l  t h a t  are neceesary t o  meet a des i r ed  boundary C O - , ~ ' ~ ' O ~ ~  

Since t h e r e  can be an i n t e r e e c t i a n  of t he  E-profi les  o f  classes ( c ; )  rnd 
( J ) ,  t h i s  w i l l  have t o  occur a t  the  m e u i m u m  K for c l a s s  ( r ) ,  cz-,.? TO 

t h e  (g) p r o f i l e  ewinge up t o  do this.  Actually,  t he  ( 8 )  p r o f i l e  c:,n 

follow t h a t  of the  (6) class f o r  a longer s t r e t c h  of develop3mt t: -n 
for c laae  ( I . ) ,  and does so, as i a  seen i n  Figure lb, However, the 

lower i n t e r o e p t  of ( p  ) - t r a j e c t o r i e s  with the  F-axis (where t:12 slo2e 

i e  no t  ho r i zon ta l )  muet remain posi t ive.  A t  t he  same time, the  valc? o f  

If for class ( 6 )  can vary emoothly and change sign. Thie is w 5 a t  ha>pens, 
and et t h e  F-ejection o r b i t  (about IC = 10.2) the  two E-profi les  p s r t  

oompany, t h a t  f o r  the (g) c l s e s  suf fer ing  a sharp r e v e r s a l  of r?irec: lon. 

The value of Ei now becomes negat ive,  t he  motion re t rograde ,  Lid  *:E 

E- and F-amplitudes inc rease  s t ead i ly .  The loop has disappeared c?nd 

t h e  motion i s  now t r i p l y  - per iodic ,  although the  c l a s s  does hzv2 2 

oommon o r b i t  with the  simply - periodic  re t rograde  c l a s s  ( f ) ,  a t  about 

t h e  minimum K f o r  o lese  (g). From here on, t he  genera l  development i3 

t h a t  of slow change8 i n  E and F, and rapid ones i n  K. The middle par;  

of the  q u a r t e r  t r a j e c t o r y , r h i c h  i s  at first i n  the  fou r th  quadrant 

(E 7 0, F < 0), move8 t o  the  l e f t  and up, acroes  a ekew-angle e j e c t i o n  
o r b i t  (E - 0, F = 0) ,  and then develope f i r e t  a cusp and then e loo?., 
The f i n a l  ( l imi t ing )  ha l f -o rb i t  i o  a double epiral  around L 

of Bsymptotlc o r b i t e  V I 1  aad V I I I .  The first neighboring c l a s s  t o  be 

reaohed is ( Y ) , with t r a j e c t o r i e s  normal t o  E = 4 2 .  T\en tile 

a d  4 
5 

which were diacovered by ~i:, 

cons'-sting 4 4 



t r a j e c t o r i e a  become close t o  those of clturs ( b )  and remain eo 

half-way around L because t h i s  pa r t  of the  l i m i t i n g  o r b i t  (VII) is 
common. Since class (Y ) has a m a x i m u m  K - 13.72, and s ince*c laae  ( g )  

cannot i n t e r s e c t  i t ,  the  p r o f i l e  of c l a s s  ( 8 )  must go around that of 
olaee  ( Y ) ,  which i t  does, t o  become slrymptotic t o  t h e  clam ( & )  
p r o f i l e .  Thie a ~ ~ O ~ n t 8  completely for the  F-prof i le  of cfass (g), and 
t he  remainder of t he  E-profi le  doe8 not eeem t o  offer anything of 
intereet. 

4' 

Figure 9 shows the  developmmt of t he  oP~sed ( 6 )  olaoe, which i a  
r a t h e r  complicated, Prom msximum K t o  minimum K, The development from 
minimum SC t o  m a x i m u m  K is obtained by t ak ing  the  mirror images (about 
the E - a i s )  of t he  orbits ahown in the figure, 

Finally, Figure 10 ahore the periodic-aeygptotio o r b i t s  of StrBn- 

gren, as re11 88 nine others which we have fomd. 23sse ht ter  are 
necesaemy f o r  an undersc*anding of how varioue olaaees, rn 
p a r t i c u l a r  { g )  , terminate. 

Pn order t h a t  t he  work be truly q u a n t i t a t i v e ,  it; is h p e r s t i v e  
t o  gave i n i t i a l  condi t ions for the  per iodic  solutions rhfoh we have 
obtained, With these and an e l ec t ron ic  computer, one can reproduce 

any orbit desired, In  our calculat isne,  t h e  main work has cons is ted  i n  
varying the initial condi t ions 80 that the finak ones would be a e t i s f i e d ,  
and the  actual so lu t ions  ( o r b i t s )  have been pr in t ed  out only for cases 

which eeemed p a r t i c u l a r l y  i n t e r e s t i n g ,  such 88 the (g) elass. Our 

initiaj and f i n a l  conditione, 8s well a19 t he  elapsed ' ' t h e "  x = A$, 
are given la the %ablea.  Also, the  l a a t  t a b l e  gives the  in i t ia l  and 
fine1 :-cu6itione for a l l  the  asymptotic-perioclie h a l f - o r b i t s  ahom i n  

Hgus@ Is,. 

Prsfeseor Andere Reie, Director  of t he  Copenhesen Obeemratory, 

arranged 20s P. Pedersen t o  c a r r y  out  computations a t  Lund. He obtained 

t h e  seeufts f o r  us from P. Pedereen'e widow, t o  whom we a r e  moet grate- 
ful. He extended t o  us the f a c i l i t i e s  of  the Copenhagen Observatory, 
most important of rrhich were the  GIER coaputor and the  oomplete set of 
Copenhagen C o ~ u n i c s t i o n ~ .  (One developer of GIER, Eagieter Sve jgaard, 

gave us oowtfnuad aereistsnce with t h i s  c o q w t t r )  e 
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I(r. Seren Laueeen progrwmned the coaputat ions in a most 

expedi t ioue end efficient manner6 M&8ter Km A. Them68 made valuable  

oomments, a s e i s t e d  with the  early computations, and constructed ~ l l  

auxiliary table for obta in ing  seymptotio o rb i t e .  The figurer for  t h i s  
paper were prepared by ]ire A. Wieloch of Lund, Sweden, and re are 

pleased t o  thank him for hi8 fine work. 

with sone 0% the oa lcu la t ions .  Be disoovered clasrses (p)  and ( V ) ,  
oalcu la ted  e l aee  (m) and l i m i t i n g  orbit8 for (a), ( I ) ,  ( A  ), (I), ead 
( V I ,  and helped t o  prepare th i s  a r f i c l e  f o r  publ icat ion.  

ob XlPinsie,, and raa supported i n  p a r t  by the  Nat ional  Aeronautics and 
Spaoe AdminAetration (Grant No. BeC 280-63) 4 

To a l l  these people and egenciee, t he  author riehes to express hie 

Y r m  Curtis Wagner cam8 from I l l i n o i r ,  t o  Copenhagen and s e e i s f e d  

The work r u  done while the author res on leave from the Universi ty  

seep 8pg!rSCiBtim. 
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Init ial  Conditions: Ei = 0 1  ii = O f  hi > 0. 
Final Conditions: Ef = 03 Pf = 0; E,< 0.  

Bote: To obtain the remainder of the class take the mirror images, 
i .e .  the values 

1 Fi = -Ff; Fi = -F; 

Fi 

-1 500491 
-1 489491 
-1 478037 
-1 466099 
-1 0453646 
-1 440643 
-1.427037 
-1 420013 
-1.412817 
-1 . 400000 
-1.36~000 
-1 . 320000- 
-1 . 300000 
-1 260000 
-1 200282‘ 
-1.200000 
-1 . 120000 
-1 . 050000 
-0,977948 
-0.900000 
-0 . 800000 
-0.700000 
-o.600000 
-o.500000 
-0 400000 
-0.300000 
-0~200000 
-0~100000 
-0 . 020000 
0 
0 . 020000 
0.050000 
0.126497 
0.251699 
0.J68000 
0.478326 
0.600000 

0 . 800000 

1 . 000000 
1,100000 
1.200000 
1 . 400000 
1. ~uoooo 

0.700000 

o.900000 

I 

F *- 
A 

-1 . 540000 
-1.550000 
-1 560000 
-1 . 570000 
-1.580000 
-1 590000 
-1 600000 
-1 . 605000 
-1 -619090 
-1.618617 
-1.643399 
-1.665695 
-1 67 5304 
-1.684904 
-1 718210 
-1 718287 
-1 744926 
-1 765665 
-1.703724 
-1 800846 
-1 821464 
-1.841319 
-1 862726 
-1 887448 
-1.917682 
-1 954912 
-1 . 998623 
-2 039212 
-2 0061301 
-2 06 5817 
-2 068127 
-2 072029 
-2.074709 
-2 076561 
-2 069787 
L2.053335 
-2.030726 
-2 -005726 
-1.975115 
-1.938862 
-1.896388 
-1 e847226 
-1.790620 

-1,562275 
-1 . 650040 

X 

0.4985 
0 4989 
0.4994 
0.5001 
0.5009 
0.5020 
0.5032 
0.5040 
0,5047 
0.5062 
0.5117 
0.5180 
0.5219 
0,5258 
0.5433 
0,5434 
0 . 5645 
0 5849 
0.6084 
0.6364 
@. 6761 
0.7206 
0-7703 I 

0,8259 
0,0889 
0.9616 
1 . 0467 
1 . 1426 
1.2145 
1 . 2291 
1.2421 
1.2592 
1 . 2861 
1 . 2819 
1 . 2662 
1 2938 

1 2459 
1.2291 
1.2127 

1.1823 
1.1689 

1.1970 

1.1572 
1.1407 
1.1373 
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I n i t i a l  Conditions: Pi = 0; Ei < 0; ii = 0; f i ,  > 0. 

F i n a l  Conditions:  Ef = 01 F > 0 ;  kf = 0; I?,> 0. 

Note: This clas i s  a l so  represented by the  condi t ions :  

1 

f 

F! > 0 ;  P i  = 0 ;  fil> 0. 
1 

= 0 ;  E;> 0 ;  E; = 0 ;  Ff< * t  0. 

f; E; = -E 1 
i:i = O ;  

To obta in  t h i s  r ep resen ta t ion  take Fi = F 

K Ei 

1 2  . 50000 
11 . 2 5000 
11 . 00000 
10 . 00000 

g . 000000 
8 . 000000 
6.7 50000 
4 844872 
4 406971 
4.087715 
3.822524 
5 000000 
7 . 000000 
7 . 500000 
7 694946 
4.145615 
2.957395 
2.210961 
1.295156 

-0, 922300 
-0.961329 
4.994345 
-1,051386 
-1.118210 
-1 196873 
-1.319917 
-1.6c0000 
-1.700000 
-1.800000 
-2 . 000000 
-2 347730 
-2 596185 
-2.694021 
-2.769554 
-3.860885 
-4.141600 
-4.341600 
-4 641600 

Ff 
+O. 870369 

0.931672 
0.979800 
1.03 5030 
1.100000 
1.198307 
1.417370 
1 494434 
1.570804 
i . 724154 
1.986894 
2.124250 
2 153503 
2 . 170000 
2.250000 

0.920610 

2.252358 
2 . 253806 
2 271379 

Class ( E )  

I n i t i a l  Conditions: F, = 0; I?,, = 0 ;  $ 2 >  0. 
I L I 

= 0 ;  P, = 0 ;  if< 0. Ef F i n a l  Conditions:  
Note: This class i s  a l s o  represented by the  c o n d i t i o n s  

(E; = 0; Fi * I  = Oj k i  > 0. 
IF: = 0 ;  Ef 0 1  = 0 ;  $;> 0. 

To ob ta in  t h i s  r ep resen ta t ion  take Ff = -Ff; E;' = Ei. 

* These va lues  are due t o  P. Pedereen (unpubl ished) .  

K 

15.77000 
15.455 
15 086 1 2  
15 02927 
14.97895 
14.96060 
14.956 

*i 

1.067147 
1 c 100 
1 . 150000 
1 . 161819 
1.177672 
1.189305 
1.200 

X 

0 4462 
0.4646 
0.4684 
0 4843 
0.5008 
0.5176 
0.5381 
0.5636 
0.5673 
0.5694 
0.5711 
0.5844 
0.6123 
0.6192 
0.6209 
0.6066 
0.6135 
0.6180 
0.6193 

X Ff 
0.7117 +o 933589 

+0.944618 0.8057 
+O . 940000 0.8180 
+O. 930000 0.8326 

* 0.944 

+O. 920000 0.8421 
0.910 * 
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22 . 
K 

13.96863 

13 . 80000 13.90000 

13 708 
13 . 60000 
12 . 50000 
13 392 
12 8324 

12 0187 
11 . 00000 
10.3818 
9.70866 
9.4 
9.02773 
9.32 
9 65813 
9 99803 
10.15088 
10.16324 
10.08924 

9 . 9 54167 
9.958141 
9.792165 
9 57 5164 
9 18392 
8.928545 
8 . 787 
8.390 
7.98 
7.622153 
7 463 546 
6.935505 
6.391237 
6.192090 
5 97 9706 
6.072945 
6.575256 
7 . 142005 
7 . 600000 
7 . e00000 
8 . 000000 
8 . 400000 
g . 000000 
9 . 500000 
9 . 800000 
10.00000 
10.20000 

10.80000 
11 . 00000 
11,80000 
12 . 00000 
12 . 2 500C 

10.40000 

11.50000 

12 . 50000 

Ei 

0,983186 
0.946090 
Ob 677673 
Ob 800 
01 716260 
0.600 
0.400 
0.310989 
0.200 
0.003349 
-0 . 100 
-0.200 
-0,2392 
-0.200 
-0 . 100 
0.000 
0 . 100 
0.146658 
0.152940 
0.134:55 
0. i O O 2 7 i  
0 . 100000 
0.056413 
0 
-0.100 
-0.164434 
-0.200 
-0.300 
-0 400 
-o.30000 
-0.545551 
-o.700000 
-0 . 900000 
-1 . 000000 
-1 . 200000 
-1 . 600000 -1 . 400000 
-i.700000 . 
-1 744131 
-1.757026 
-1.767032 
-1.780311 
-1 788456 
-1 788293 
-1.786173 
-1 784111 
-1.781566 
-1 . 778874 
-1 772 310 
-1.768701 
-1 7 58884 
-1.752580 
-1 748238 
-1 0742629 
-1 7 37C42 

Ff 
t1. 220000 
t1.252383 
+1 . 296307 
t1.317022 
1.319 

1.285 
1 . 186 
+1 . 131696 
to. 887609 
1 053 

0.779 
0.644 
0.570 
0.273 
0.190 
0.125 
0 057 
0 
-0.050000 
-0.100000 
-0 . l ~ O O O O  
-0.150372 
-0 . 200000 
-0.255922 
-0.345 
-0 400000 
-0.429 

-c. 589 
-6.666524 
-0 700000 
-0.817336 
-0.960491 
-1 ,. 028066 
-1.152400 
-1 0262175 
-1 375607 
-1.453193 
-1 500910 
-1 518362 
-1.533985 
-1 560347 
-1 589560 
-1.606238 
-1 613439 
-1.617194 
-1.620155 
-1 622381 
-1 624650 
-1 624735 
-1.621895 
-1 618016 
-1 . 61.4457 
-1 . 608811 
-1.601665 

-0.511 

X 

0. 8909’ 
0.9027 
0,9291 * 
0.9824 * 
* 
1 . 0428 
1 . 1314 * 
* 
* 
* 
* 
* 
* 
* 
1 . 8695 
1 . 8868 
1 8859 
1.8352 
1.8751 
1.8598 
1 8407 * 
1 . 7926 * 
* 
1.7232 
* 

1 . 7165 
1 6954 
1 . 6752 
1 6557 
1.6675 

1 . 6452 
1 . 6300 
1 . 6194 
1 . 6148 
1.6138 
1.6132 
1.6134 
1 . 6166 
1.6218 
1.6261 
1.6294 
1.6332 

1 . 6480 
1 . 6541 
1.6731 
1.6876 
1 . 6989 

1.6377 

1.7154 
1.7356 



23 

K 

12  , 75000 
13,25@0O 
13  , 50000 
13.50063 
1 3  54684 
13 59292 
1 3  , GGOOO 
1 3  . 64183 
13.65289 

13  . 68146 
13.73000 
13  . 72000 
13 72342 
13  072577 
13.72730 
13.72876 
'I 3.72888 
. ' . 1 2 7 5 i  
13 072443 
1 3  -72037 
13.70953 
13  70735 
13.70512 
' 7. . 7 Cc\ C 1 
*>.blLId 

13.66530 

13.68433 
1 3  67 517 
13.66536 
13 . 6 5480 
13.64360 
13.63163 
13  . 56120 
1 3  . 52785 
13.49140 
13.45177 
13.36236 

13.00145 
1 2  . 84481 
12.66654 

1 3  13871 

12 . 50000 
12,23370 
11 . 97202 
11,67361 
11 .3315~  
10.93205 
10,69606 
10 . 6 5300 
10.49309 
10.84943 
10,83800 
10,93000 

10 . 99000 
10.96000 

Ei 

-1 731457 
-1 719765 
-1 -714453 
-1.714650 
-1 713 568 
-1.713051 
-1,712944 
-1 712487 
-1.712239. 
-1.712168 
-1 712225 
-1 0 712301 
-1.712617 
-1.712354 
-1.713018 
-1 7 1  3303 
-1 713988 
-1.714065 
-1 714736 
-1 7 1  507 7 
-1 715650 
-1.713700 
-1 716403 
-1.716791 
-1 7 1 7  565 
-1.720058 
-1 717709 
-1.72 116 1 
-1.719597 
-1 -722859 
-1 719845 
-1.723 527 
-1 725874 
-1 7 27697 
-1.731337 
-1 ~ 3 1 6 6 2  
-1 736543 
-1 0746565 
-1.757562 
-1 766647 
-1.772116 
-1 786054 
-1 802229 
-1.809285 
-1.837315 
-1 . 962229 
-1.893103 
-1.913555 
-1.916950 
-1 932305 
-1 893065 
-1.888436 
-1.88 5906 
-1 . 883661 
-1.801730 

Ff 

-1.592836 
-1 568305 
-1 551347 
-1 551300 
-1.547800 
-1 544300 
-1 b 543770 
-1.5408CO 
-1 . 540100 
-1 539400 
-1.538700 
-1 538452 
-1 540099 
-1 . 541000 
-1 542000 
-1 543000 
-1 545000 
-1.547000 
-1.550000 
-1 553000 
-1 . 556000 
-1.567000 
-1 563000 
-1 564000 

-1056900Ci 
-1 . 5 6 6 0 ~ 0  

-1.572000 

-i.5s1000 

-1. 'jt37000 
-1.6c2cc,o 
-1.609000 
-1 . 614000 
-1.620000 

-1.57 5000 
-1.578000 

-1 584000 

-1. hj2CJOC 
-1 .65600~ 
-1 C;68000 
-1.63~:OOo 
-1.692000 
-1.7C1971 
-1.716000 
-1 .72~000  
- 1 . 7 f - G O O 0  
-1.7 52900 
-i. 76 ;COO 
-1 77000C 
-1.771000 
-1.774000 
-1.757co4 
-1 755463 
- 1 . 7 54 5 06 
-1 75361:l 
-1 752751 

X 

1 , 7608 
1.8367 
1 9093 
1.9095 
1 . 3298 
1.9546 
1 9590 
1 9895 
1 9994 
2 . 0120 
2,0313 
2 . 0605 
2.1126 
2 . 1277 
2,1419 
2 1544 
2.1765 
2 . 1961 
2.2222 
2 . 2458 
2 . 2674 
2.3071 
2.3124 
2.3192 
2.3296 
2 . 3455 
2 3619 
2 . 3820 
2.3885 
2 . '$109 
2.4115 
2..;339 
2.4855 
2.5072 
2.5530 
2 . 5405 
2 5657 
2 . 6692 
2.7080 
2.7480 
2.7926 
2.8295 
2 e870 
2 . 30 
5.0051 
j.09c1 
3.1795 
3.2524 
3.2686 
3 . 3476 
3.Y 724 
5.8141 
3 . e454 
3 . 8790 
3 0 92c5 



of a QUIP, wi%h %, = C an& %, .( Or is included, 

-0.370326 
-3.177e74 
-0 176305 
-C 17 5000 
-0.1?3452 
-Q017OOa, 
-3,165000 
4.i6106~ 
-3- 159755 
-0.l56120 
-0. 157OOO 
4, 15gooa 
-3.25000~ 
-0 s I~oooc 
-cI,ljO008 
--a 0 'i2omo 
-3.106920 
-00lO4286 
-6,123978 
-3.153306 
-0. ago003 
-0. ~oO000 
4, $50000 
-6,375688 
-0,3958s:: 
-0 457 584 
-0.514266 
-0.531857 
-0.4OOOOO 
-0, 3ooooQ 
-0 . 2 50000 
-0.200000 
-0.150000 
-0 08000U 
-0 060000 
0 
0 . 10000 
0.151334 
0 . 2 QOOOO 
Om 248068 
0.285817 
0.302165 

0.285i585 
0.270000 

0.304584 

0.2 50000 
0 . 225000 
a, 2930000 
o.nyxmo 
0.060258 



11 07517 
11 . 06716 

*i 
e. 028902 
0.017594 
0.013423 
0 . 020000 
0 040000 
0.030000 

o . 050000 
0 . 060000 

I n i t i a l  Conditione: 
Final Conditions : 
Boter Same as class (k) 

same a_n class (k) 

Fi K 

15.00000 2.42OOOO 
14.4 3600 2 . 292000 
14 . 00000 2.198500 
13 . 62360 2.108000 
13 40000 2 . 055000 
13.18580 2 . 010000 
13 00000 1.979181 
12 80000 1.956629 
12 . 60~00 1 . 9.44000 
12 50000 1 939506 
12,20000 1,935192 
12 00000 1.936491 
11 ~ 6 7 0 0  1 940707 
11,60000 1 945092 
11 . 44620 1 9 50000 
lI.lgJ08 1.960000 
11 . 00000 1 . 969582 
10 993 11 1.970000 
10,85900 1 . 978400 
10 7 0000 1 993045 
18,66017 2 . 000000 
10.65713 2 . 010000 
10,69481 2 01 5000 
10.7 5000 2 . 018090 
10.83617 2 * 020000 
11 0 00000 2.016864 
11 . 02655 2 . 01 5000 
11 04097 2.913000 
11 04222 2.012000 

F, 

2 432235 
2.3061 53 
2.209775 
2 ~11161) 
2 - 346758 
1.982502 
1.926679 
1.869102 
1.817073 
1 .?e8699 
1 713904 
1.665592 
1 609591 
1 568347 
1 529342 
1 . 460643 
1 401354 
1 . 399026 
1.75037J. 
1.270456 
1.233761 
1 . 181805 
1 . 155900 
1.39731 
1.128/150 
1 . 149267 
1.165802 
1 . 189156 
1 . 205102 

X 

1 4099 
1 4341 
1.4672 
1.5127 

1.5886 
1 . 6289 
1 . 6705 
1.5523 

X 

c:. 0623 
‘3.0854 
0.1090 

0 1665 

0.2227 

0,1409 

0.1955 

0.2515 
0.2771 
G. 2911 
3.3265 
C., 3486 

0.3926 
0.4llC 
0.4433 
0.4735 
0.4748 
0,5020 
3.5547 
G* 583 7 
0.6361 
0.6747 

0.7645 
0.8957 
0 e 9409 
0.9967 
1. 0330 

0,3740 

0,7119 



Clue  (my 
I n i t i a l  Conditiono: Ei - 0; Pi - 0;  B,> 0 .  

Final Conditione: - x/2j P, 01 k,> 0. 

OmO1OOOO 

o.1ooooo 
0 200000 
0.30oOQo 
0. qoooO0 
Om450000 

0.050000 

0.500000 
0 . 600000 
Om 700000 
0 650000 
0 800000 

1.00oO00 
1 10OOOO 
1 200000 
1 40oooO 
1 e 6 0 W O  
1. 800000 
2mOOOOOO 

0.900000 

Ff 
0,051217 
0,123359 
0.188305 
Oc 301149 
0.406675 
0. 509140 
0 4  559638 
0 4  609748 
01 708947 
0.806923 
0.7 5eoeo 
00 903772 
0.999577 
1.094444 
1 188521 
1.281980 
1 467879 
1.653771 
1 840946 
2 030153 

X 

Om1504 

O m  3301 

0.3433 
0.3448 
Om 3429 
0.3395 
0. 3293 
0.3155 

Om 2990 
O m  2005 

0,2462 

0.3301 

0,3228 

0.2605 
0.2398 

0.1069 
Om0798 

I n i t i a l  Conditions:  Fi - 0; &, = 0; Pi> 0. 

F i n a l  Conditioner Ff - 0; &, = 01 P,< 0. 

Hotex To obta in  the remainder of the clam take the mirror imagee, i.es the 

K 

4- ~7oooo 
4.073414 
4.886110. 
4.944520 
4 960954 
5.043931 
5 109 578 
5- 184459 
5 60000O 
6.510801 
6.872370 
7 A46494 

6 OW574 

e . 4 4 9 ~ 4  
10.37 

*i 
-1 594500 
-1.540000 
-1 . 500ooc 
-1.40000c 
~lm350000 
-1 . 300000 
-1 2 50000 
-1 . 200000 
-1 s 000000 

-0 600000 
-0 40oooO 
-0.200000 

0.44627 
1.000000 * 

-0.700000 

Ef 

1.595414 
1 . 649716 
1 . 686080 
1 774663 
1 . 81 5711 
1 854939 
1 092482 
1 929580 
2.057225 
2 209606 
2 252829 
20339213 
2,)geoao 
2.69532 
f we34 

X 

1 1268 
1 . 1266 
1 . 1262 
1.1244 
1,1233 
1. 1220 

1 1200 
1 . 1207 

1m1158 
1 1193 
1 1239 
1 2292 
1 1649 

1,1159 
1.2931 
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Class ( a )  

I n i t i a l  Conditions: Ei = 01 8 = 0; $i> 0. 

F ina l  Conditions: Ef = 0; 9, = 0; k, > 0. 

Note: To obta in  the remainder of the  class take t h e  m i r r o r  images, 

i 

i.e. the values 

K 

10.41790 
10.45000 
10.50000 
10.74655 
11. OOOGO 
11 . 01214 
11.25806 
11.49058 
11.71296 
11.92706 

126 33456 

12.7 1043 
1 2  . 90255 
13  . 08205 

12.13401 

1 2  . 50000 

13.25767 
13. 34444 
13.43100 
13  . 51903 
1 3  . 61000 
13.66430 
13.71001 
13 074582 
15; 74000 
13  . 72000 
13.70000 
13.65000 
13.60000 
13 . 50000 
1~.00000 
12.50000 
12.00000 
11 . 00000 
10.00000 

~ . 5 0 0 0 0 0  
9.000000 
r? 7 50000 
R .  ~ 0 0 0 0 0  
8 . 000000 
7 . 5OOOOO 
7 . V j O O O O  
’7 . J70G00 
7 3 50000 

F; = Ff; F’ = F, f 

Fi 

0.363000 
0.360288 
0.356883 
0.340000 
0.320953 
0.320000 

0.260000 
0.300000 

0.260000 
0.240000 
0 . 220000 
0 . 200000 
0.183040 
0 0 160000 
0.140000 
0.120000 
0.100000 
0 . 090000 
0.090OOO 
0.0~0000 
0.059724 

0.050000 
0.050000 
0.053543 
0.059071 
O,063’j67 
0.073612 

0.054000 

0.082780 
0 099944 
0.175591 
0.243316 
0-  307075 
0.429593 
0.553587 
0.619567 
0.691425 
0.730731 
0.773761 
0.876841 
1.072182 
1 . 140000 
1 . 1 ~ 0 0 0 0  
1.140000 

A 

Ff 

1 4  774431 
1 4  773643 
l r  773962 
1 A 769071 
1 A 762218 
1~762063  
1 . 754475 
1 746746 
1 5  758651 
1 . 7 30072 
1.72C825 
1.711073 
1.702062 
1 . 688806 
1 . 67 5898 
1.661562 

1.6 34060 
1.62 3298 
1 6099.13 
1.592900 

1 . 564487 
1 . 546588 

1.644305 

1. 579334 

1.533913 
1.531315 
1 531491 

1 545479 
1 574952 
1 592653 

1 . 534261 
1 . 538146 

1 602831 
1.605153 
1.582810 
1.559 595 
1 . 524 161 
1.500746 
1.471369 
1 390572 
1 . 205712 
1 . 1404444 

1 . 156149 
1.152976 

~- ~ 

X 

4.0088 
3.9572 
3.9182 
3.8058 
3 . 7233 
3 7196 
3 6509 
3 5907 
5.5356 
3.4835 
3.4334 
3 3841 
3 .  3423 
3 . 2847 
3.2326 
3 0 1767 
3.1147 
3-0799 
3 . 0398 
2.9923 
2.9263 
2 . 8702 
2 7979 
2 . 6370 
2 . 5627 
2 . 5 0 2 ~  
2 . 4709 
2 -4228 
2 3920 
2 . 351C 
2.2570 
2.2138 
2.1872 
2 . 1556 
2.1365 
2.1297 

2.1199 
2.1231 

2 . 1 1 6 ~  
2 . 1109 
2 . 1062 
2 . 1070 
2.1121 
2.1133 



C l a s s  

Initial Conditioner Pi - 0; ki > 9. 
Final Conditione: Ef = 0; if = 0; if 0. 

Mot@: This clsee 28 also repreeented by the conditions 

Hi - 0; 

’ To obtaln thle repreeentation take 

X Ei Ff K 

11 0 00000 
10. 99843 
10,99454 

10,90855 

10198418 

10699134 

10.98615 

10,98276 
10,98238 
10,98500 
11 , 00000 
11 00041 
11.olfj19 
11,01952 
11,02765 
11.05588 
11.07956 

11.11615 
11.09961 

11.12700 
11,13306 
11.13630 
11ol3OOO 
11 0 11000 
11,08351 
11.06585 
11 , 04161 
11 0 00000 
10. .9 6849 
100 90983 
10.8 5652 
10.80620 
10,73217 
10.4866 5 
10.24729 
lO.OO9 3 2 

0.296314 
Oi296000 

0.294000 
O.295OOO 

0 2 9 3000 
0,292000 

0,290000 
00 291OOo 

0.289OOO 
0.288304 
0.289930 
0,290000 

0.296000 

0.312000 
0.320000 
0.328000 

0,293000 
0.294000 

0.‘304~0 

0 3 347 37 

0.348000 

00 356919 

0 0 340000 

0.353563 

0.356500 
0.3’5 5000 
0.352oOO 
0.345162 

0.326000 
0.313000 
0.300000 
0.280000 
0.210000 
0.140000 
0.07 0000 

0,339000 

4- 2909 
4.2207 
4-0978 

3 9496 
3 0 8894 
3.8314 
3-7715 
3- 7009 
3,6085 

4.0165 

3- 3573 
3a 32 38 
3.2249 
3.1511 
3 -0873 
3.0311 
2 9844 
2.9476 
2.6871 
2.8342 
2.7756 
2.7313 

2.6832 
2.6472 

2.5881 
2.5609 

2 7089 

2 6244 

2 5379 

2.4314 
2 3549 
2.3283 

2.5082 



K 

9.774416 
9 67 5929 
9.548671 

9.323869 
9.281781 
9.254982 

9.428878 

9o270000 
9 290000 
9 340000 
9 440000 
9 640000 
9 840000 
10,02943 
10.56000 
10,92429 
11 0 00000 
11.04000 
ii e47953 

12 . 24890 11,88240 

12.50000 
12 . 57639 
12.86304 
13 . 10698 
13.21189 
13.38780 
13 . 45820 
13 . 51687 
13 56333 
13.58190 
13 . 61000 
13.61910 
13 . 62 502 
13.62763 
13 . 62680 
13 . 62238 
13.61434 
13 . 60206 
13 8 56433 
13. 53800 
1 3  50500 
13- 46470 
13,41529 
1 3  -35379 
13 27528 
13,17072 
1 3  ,01799 
12 . 90000 
12 . 60000 
12 . 50000 
12 . 20000 
11 . 80000 
11.60000 

12 e 80000 

Ei 
0 . 000002 
-0 0 03 0000 
-0.07OOOO 
-0 , 110000 

-0 170000 

-0- 207453 
-0.210817 
-0.212568 
-0,. 208197 
-0.189526 
-0,165474 
-0 0 1~0000 
-0.060000 

-0,150000 

-0.190000 

0 
O.OlZO34 
0,020000 
0. i O C W c 1  
0.1c3000 
0.260000 
0,320434 

0.420000 
0.3SOOOO 

0.500000 
0 . g40000 
0.62G000 
0,660000 
0.70000b 
0.740000 
0 . 7 ~ ~ ~ 3 0  
0; €?003C@ 
0.8ZC300 
0,840000 
0. e60000 
0. !3Lc.0300 
0. gooooo 
o,'g20900 
0.9400aO 
o , geoooo 
1. 000033 
1. 020000 
1. o~ocoo 
1 c50000 
1.030000 
1.100';00 
1, 1P3CX 
1.140000 
1.150327 

1 . 165673 
1.165359 
1.163870 
1.151349 

1.15;>23 

I . i s  x c 7  

Fi 

1 791323 
1 794698 
1 , 800360 
3 . Bo5064 
1.812061 
1 , 815022 
1.818156 

1 . 820845 
1.820671 
1 819397 

1. 821542 

1 815530 
1.. 810431 
1 805746 
1 798043 
1 780024 
1 777 580 
1 776537 

1 747610 
1 723032 
1 c 714170 
1-709713 

i.76105g 

1 . 690604 
1 . 668635 
1.661300 
1 , 64 2144 
1.633121 
1.623090 
~615229 
1.612215 
1.605204 
1 . 503748 
1.602303 
1. LO1339 

1 601 416 
1 . 601868 
1 . 604209 
1 . 60$806 
1 612681 
1 * 617975 

. 1 . 62: 569 
1 62Y522 
1 .€36688 
1.645197 
1.655222 
1 . 66~439 

1.601025 

1 677341 
1 683432 
1 697989 
1 .702867 
1 719483 

1,74329 1*73559f 

x 

2.2863 
2 . 2691 
2 . 2451 
2 . 2198 
2 . 1880 
2 , 1684 

2 . 1016 
2 . 0869 
2.0611 

1.9692 
1.9250 

1 . 8025 

2 . 1421 
2.0242 

1 e 8882 

1.7515 

1 7367 
1 . 6852 
1 6420 
1 6088 
1 5873 
1 5809 
1 5581 
1 5407 
1.5307 
1 5144 
1 5059 

1 7418 

1.4980 
1 .Ann; 

1-4725 
1.4661 
1 . 4603 
1 4549 

1.4461 
1.4439 
1 4419 
1 4445 
1 4497 
1.4559 
1.4651 
1 4777 
1 4940 
1 . 5148 
1.5423 
1 5807 
10 6091 
1 . 6322 
1.6759 
1 6977 
1.7587 

1 8790 

1.4825 

1 4501 

I. egg0 

29 



K 

bP a 40000 
i1 0 30000 
B~,20000 
’r~.00000 
90.80000 
10.70018 
~0.65000 
10.60000 
io. 50000 
10.43580 
10.43562 

10 . 36263 
10.36970 

10,50676 
10,60514 
10.75459 
10.81456 
10.83000 
10.84942 
10,87000 
10.89800 
10. goo00 
10.93000 
10.96000 
10.99000 
11 . 00000 
11.02000 
11 . 03 243 
11.04216 

10.38694 

10- 4 1 139 

11.05033 
11.05725 
11.06314 
11.06575 
11.07236 
11 . 07736 
11.08257 
11.08410 
11 . 08 193 
11.06314 
1iao530o 
11.02500 
11.00000 

E. 

1 . 128500 
1 . 112896 
1 095879 
B . 070102 
1 . 055600 
1 . 038270 
0.997071 
0.997000 
0 97 5000 
0.950000 
0.926000 
0 . gooooo 
0.870000 
0.8 50000 
0.8 jO000 
0.82 5000 
0.824008 
0.823000 
0.822133 
0.821500 
0.8 2 1 500 
0 . 82 1504 
0 . 822397 
0.824393 
0.825361 

0.83OOOO 
0.832000 
0.834000 
0.836000 

1 

1.121059 

1 047400 

1 . 016265 

0.827909 

0.838000 
0.839000 
Oa842000 
0.845000 
0.8 50000 

0 . 860000 
0.87 0000 
0.872566 
0.876159 
0 87 5772 

0.855000 

i F 

1.748700 
1 7 755594 
i 756690 
1 762680 
P e 768066 
:. na70559 
1 770046 
1,772908 
2 a774855 
3 a775997 
1.776002 
1 776447 
1 c 776051 
1 774716 
1 772659 
1 768379 

1.759856 
1.?57207 
1,755278 
1.7 56707 
1.7 52688 
1 755133 
1.757126 
1.754201 
1.753314 
’1.752569 
1.752191 
1.751727 
1.. 751292 
1 . 751064 
1.750917 
1 . 750610 
1.750551 
1.750455 
1 . 7 502 32 
1.750350 
1 749694 
1.750051 
1.7 50648 
1.75137 5 
1 . 752803 
1.752910 
1.753818 

1 . 764910 

X 

]I . 9208 
1.9412 
1 . 9629 
2 . 0598 
2 . 0886 
2 . 1052 
2 . 1212 
2 . 1607 
2.1936 
2 1937 
2 a 2306 
2 . 2722 
2.3129 
2.3594 
2.4212 
2.4730 
2 . 5516 
2 . 5872 
2.5976 
2 . 6093 
2 . 6250 
2 . 6438 
2.6697 
2.6971 
2.7291 

2 . 7686 
2 . 7885 
2 . 8061 
2.823~ 
2.8396 
2 8557 
2 . 8637 
2 . 8878 
2 . 9118 
2.9537 
2 9982 
3 0478 
3 1831 
3.2367 
3 3877 
3 5791 

2 0088 

2 6443 

2 7413 



10 d gsws 
10,85sOcr 
10.8320O 
B0.80000 
B0,78?72 
100 70404 
10.58928 
3.0 43938 
18.35416 
10,32287 
%0.34358 
10,41720 
10,54691 
10.7 j882 
PO. e6153 
100 93053 
16 0 OOOOO 
an.00516 
11 e 0447 5 
11 08597 
11.1072% 
11.12890 
11.15102 
11.17365 
11.1967 5 
11 24449 
11,29442 
11.32026 
11 34674 

11.37386 
11,38768 
11.41586 

11.36021 

11 e 4 5 0 0 0  
11.50000 
11e75000 
12 . 00000 
12,25000 
12 . 50000 
13 , ooooo 
12 75000 

13- 23527 
13.25000 
13 35851 
13 44913 
13.60106 
15.69351 
13 74940 
13.77771 
15 s ??COO 

Ei 
0.61797 a 
3 B 8 1927 5 
Q e 8201 5 11 
0.822105 
Q . 8 2 ~ 0 0 0  
0.83BOOQ 
0. a47000 
Oe879OOer 
0.911000 
0.943000 
0 . 97 50OC 
1. os7oos 
x e 039000 
i.ii~lci00 
1.087000 
1.095000 
P , 102467 
1 10300~ 
2 . l0700Q 
1 s 111008 
i 113000 
1.115000 
1 . ll7000 
1. n1gooo 
1.121000 

1. I2gOOO 
1.l31000 
1 . 133000 
1 . 134000 
1.136000 
1 . 138000 
1 . 143670 
0.119148 
0.170460 
1 . 175636 
1.178148 

1.125000 

1.135000 

-1 140354 

1. 174909 
1 . 163301 
1 140000 
1 137959 
1. 120000 
1.1ooOoo 
1 050000 
1 . 000000 
8 9 50000 
d.90ooos 
0.86OOOG 

X 

J :-739 
3 .zicnos 
S.B29& 
3 c 1119 
F'lG5f 
3.3636 
3 c 9133, 
2.9425 
2 e €36'75 
2.8361 
2.?647 
2.7306 
2.6721 
2 6073 
2 . 4718 
2 . y = j 1  
2 3149 
2. 5336 
2.5236 
2.5133 
2 . 50S?< 
2.5028 
2.4975 
2.4920 
2.4865 
2.4753 
2 e 4631 
2 64570 
2.4518 
2 . 448;' 
2.445b 
2.4425 
2.4362 
2.4286 
2 4176 
2 . 3636 

2.2595 
2.2068 
2,1521 
2 0941 

2,3115 

2 0347 
2 0307 
2.0010 
1.9749 
1.9286 
1 , 8980 
1.8803 
1. 8700 
1.8725 
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I n i t i a l  Conditions: 
Final Conditions : II I 1  11 I 1  

same as c las s  (k) 

Rote: 

K 

8 . 100000 
8.500000 
8.678465 
8 . 900000 
9 071346 
9 193476 
9 . 2 58044 
9 . 228497 
9 . 126486 
9.060156 
8,993231 
8.936470 
8.920393 
8.911194 
8 . 880000 
8 . 900000 
8,918614 
8.930000 
8 950259 
8.982443 
g . 000000 
9 . 200000 
9.400000 
g . 600000 
9.800000 
10 0 2 0000 
10~40000 
10.56250 
10.70000 
10.800OO 
11 . 00000 
11,20000 

110 58879 
11.40000 

11.67662 
11.68967 

11.46985 
11 . 40000 
11.30000 
11 . 29000 
11.28500 

11o57100 

I t  I 1  11 11 

*i 

2 249498 
2 . 236850 
2 . 230000 
2 . 220000 
2,210000 
2 . 200000 
2.190000 
2 e 1?5000 
2.165000 
2 . 160000 
2.155000 

2.148000 

2.145000 
2 143993 
2 143000 
2 . 142000 
2.14lOGO 
2.140000 
2.138922 
2.137409 
2 . 136243 
2 . 135506 
2 . 134132 
2 i129964 
2 . 126529 
2 . 119155 
2.115905 
2 . 107948 
2 . 097267 
2.082315 
2.060000 
2 . 040000 
2 . 02 0000 
2 . 000000 
1.995000 
1.993425 
1.992877 
1,992919 
1 992937 

2.150000 

2 . 146000 

2 122914 

Ff 
-1 822197 
-1 810056 
-1 -802585 
-1 789342 
-1. 774346 
-1.756117 
-1 733862 
-1.687927 
-1.643750 
-1,615732 
-1.582152 
-1.540651 
-1 520819 
-1 498221 
-1 494412 
-1.475326 
-1 456629 
-1.439750 
-1 420101 
-1 396882 
-1 376527 

-1 240093 
-1 194433 
-1 149678 
-1.077203 
-1 043404 
-1 017429 
-0.996408 
-0.980988 
-0.952129 
-0.924341 
-0.896337 
-0.876131 
-0.868060 
-0.870892 
-0.894286 
-0.911587 
-0.923328 
-0.939657 
-0.940412 
-0 942038 

-1.301669 

X 

1.1933 
1.2068 
1 . 2146 
1.2268 
1.2389 

1.2592 
I . L Q 3 L  
1 . 2622 
1.2587 
1.2545 
1.2499 
1,2481 
1.2464 
1 2430 
1 2453 
1 2444 
1 . 2440 
1 2439 
1.2412 
1.2428 
1.2504 
1.2579 
1.2691 
1 . 2812 
1 3098 
1,5272 
1 3433 
1.3587 
1 . 3706 
1.3987 
1.4335 
10 4808 
1.5527 
1.6239 
1.7115 

1.2502 

7 n f r o  

1.8526 
1 . 9266 
1.9736 
2.0336 
2 . 0462 
2 . 0497 



34. 

Class W )  
same as class (a) I n i t i a l  Conditions: 

Final  Conditions: 
Note: 

K 

11.00000 
10.96670 
10.94752 
10.94207 
10.95000 
11 . 00000 
11 . loco0 
11 . 20000 
11.26799 
11.35156 

11.37226 

11 28554 

11 . 17276 
11.06205 
11.00000 
10.98000 
10.96000 
10.95155 
10 . 96000 
11.00000 

11 37887 

11.33441 

11.22624 

11 I 1  I 1  

11 11 II 

Fi 

0.072157 
0.080000 
0.090000 ’ 
0 . 097000 
0.104343 
0.106976 
0.095038 
0.072707 

0 
0.050000 

-0.050000 

-0.150000 
-0.100000 

4.189000 
-0.200000 
-0.210000 

-0.208417 
-0.203751 
-0.195771 
-0.180000 
-0,172754 
-0.166372 

-0.215000 

11 

II 

Ff 

-2.012387 
-2 012861 

-2 010610 
&2*008244 

-2 6 000261 

-2 . 011901 

-12.004080 

-1 6 998959 
-1 b 999451 
-2 L 002 502 
-2 0 005166 
-2 005713 
-2.003950 
- 2 . G G 2 i y 3  
-2.001050 
-2.000880 
-2.002684 
-2.005272 
-2.006554 

-2.011315 
-2.012284 
-2.012276 

-2 .) 008424 

- C l a s s  .. (9) 
I n i t i a l  Conditions: Ei = 0; P. = 0 ;  ki> 0 

Final Conditions: Ef = -sr /2 ;  Gf = 0 ,  

1 

Fi Ff K 

11.00000 
10.7 5806 
10.61518 

10.45163 
10.49074 

10 . 4 5000 
io. 50000 

10.70000 

10.90000 

10.59500 
10.6000O 

10 . 80000 

1.7521189 
1.760000 
1.765000 
1 . 7700OO 
1 . 7 7 2 G O O  
1 . 7 7 1: 192 
1 7 7 3 845 
1.772193 
1.772072 
1.769874 
1 . 7 67 4 5 7 
1 . 76484.1 

-0,392134 
-1 022996 
-l,0rr9j86 
-1.075521 
-1.08.:1342 
-1.090898 
-1.084276 
-1 -069324 
-1 068514 
-1 i 052050 

-1.019031 
-1.03j581 

X 

3 . 2029 
2.8931 
2.7397 
2 . 6g60 
2 5314 
2 3792 
2 2332 
2.1256 
2.0562 
1 9589 
1 . 9070 
1.8912 
1 . 9137 
i. 9550 
2.0098 
2 . 0633 
2 . 1991 
2 . 3131 
2 3679 
2.4532 
2 . 6 3 2 ~  
2 7424 
3.1527 

X 

3 . 3688 
5 1371 
5.0533 
2 9534 
2 9103 

2.7731 
2 . 8192 

2.7226 
2 . 7204 
2 . 6817 
2 . 6492 
2.6201 



35. 

K 

11 . 00000 
11 0 20000 
11 40000 
11.60000 
11.80000 
12 . 00000 
12 . 40000 
12 . 50000 
13. ooooo 

12 . 60000 
12 . 80000 
13 . 20000 
13 57045 
13065645 
13 68727 
13 70920 

13 .40000 

13.71604 
13.71863 
13.71761 
13 7 1500 
13 71OOO 
13.70000 
13 . 60000 
13,4OoOo 
13 . 20000 
13. ooooo 
12.80000 
12 . 600~0 
12.50000 
12 . 40000 
12 . 20000 
12 . 00000 
11 . 80000 
11 . 00000 
10.60000 
10,20000 

11.40000 

9 . ~00000 
9 . 600000 
9 . 400000 
9 . 20UOOO 
9.130168 
9.081897 
9 0081479 
9.122139 
9 . 200000 
9 . 600000 
9 . 300000 
9.400000 

10 . 00000 
10.80000 
11.20000 
11 . 60000 
12.00000 

10.40000 

Fi 
1 . 762084 
1.756160 
1. 749712 
1.742710 
1.7 35091 
1.726767 
1 707465 
1.701947 
1 . 696085 
1.683133 
1 . 668078 
1.6 50008 
1.627072 
1 . 600000 
1.57OOOO 
1.5eoooo 

1 . 560000 
1.555000 
1.550000 

1 546337 
1 554887 
1 543742 
1 548590 

1.579213 
1 591743 

10 548000 

1.565793 

1 . 602777 
1 . 612627 
1.617182 
1.621523 
1 . 629641 
1.637116 

1.656704 

1.679115 
1 . 690028 
1 . 701749 
1 . 708336 
1.715865 
1.725406 
1 . 730000 
1 . 7 3 5000 
1.740000 
1.742 500 
1 . 744162 
1 . 744806 
1 7447 53 
1 . 743611 
1.739266 
1.733379 
1.726334 
1 .?le187 
1 . 708926 
1 . 698768 

1.644059 

1.668206 

*f 
-1 002608 
-0.970468 
-0.938799 
-0o907601 
-0.876836 
-0.846368 
-0.785985 
-0.770908 
-0.755790 
-C 72 5442 
-0.694761 
-0.663j20 
-0.630860 
-0.600929 
-0.583595 
-0.576119 
-0.569200 
-0 56582 5 
-0.562346 
-0.560850 
-0. 559489 
-0.55812G 
-0.556625 
-0. 55 5 1 4  

-0 566901 
-0.573990 
-C. 580631 
-0 586659 
-0. 589415 
-0 591987 

-0 6003 59 
-0.603328 
-0.606629 
-0.60594.4 
-0.600.{76 
-0 58867 5 
-0.567315 
4.550703 
-0.526935 
-0.487529 
-0.463 103 
-0.(,29781 
-C. 383136 
-0.347436 

-0.269995 
-0.238443 
-0 184157 
-0.091486 

-0.559820 

-0.596566 

-0.307684 

-0.006948 
0.0762 :O 
0.1GFigo 
0.253121 
0.378954 

X 

2.5935 
2 5346 
2 4996 
2.4569 
2 3155 
2 3746 
2.2313 
2.2705 
2 2485 
2.2023 
2.1517 
2 . 0932 
2.0195 

1 . 8.430 
1 . 7921: 
1.7312 
1.6942 
1.0 :y> 
1.6277 
1.6G63 
1.5e25 
1.5527 
1 . 4:JOn 
1. 3575 
l.jl?< 
1.2911-I 
1.2590 
1 . 2.41’, 
1 . :13 3‘) 
1.2272 
lo2159 
1 . 2069 
1 . 1892 

1.9259 

K . n r  

1 1995 

1 . is34 
i.isi5 
1 . 1827 
1 . 1867 
1.1896 
1.1930 
1 . 1966 
1 . 1972 
1 . 1908 
1.183 
1.1790 

1 1975 

1 1935 

1,1732 
1.1625 

1.1150 
1 . 1065 
1,1041 
i.iiy3 

1.1435 
1.1276 
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pi Ocbi t 

I 
I1 
I11 
Iv 
V 
VI 
VI1 
VI11 
Ix 
X 
XI 
XI1 
XI11 
X I V  

1.307735 
1,306357 
1.319335 
l e  321045 
1 324681 
1 e 323609 
le310e36 
1.301025 
1 328004 
1 311214 
1,332052 
1 e 310439 

1 e322044 
1,521178 

Simple 

involved 
j clesae8 Pr ii i 

-0. 046274 

0.012090 
0 . 020029 

-0 . 053104 

OeO39521 
0.033997 

-0 030626 
-0.079346 
oeO56745 

-0,028938 
0.030100 

-0 05281 5 
o.0215oe 
0.025964 

1 
1 

1 
2 
2 

I 
1 
3 

1 
3 

0.17150 k ' P  
-0 a.07653 k +  

0 f i r  
2.0115 f!p 0 

Z a 0030 
167538 g? a s p , *  

0 2 e  
2 4646 
2.3122 
0.4065 a 

0 2 J  
A -1 9901 

-0 812 3 5 



Figure la: General Profile of Eigensurfaces, K vs Ei. 
A cross (+) with a Roman numeral, at K = 11.0, represents 

a limiting orbit, shown in detail in Figure 10. 

Detailed Profile, K vs Ei, showing the (B) ,  (y), and (8) 

classes. 

The crosses (+) at K - 11.0 represent limiting orbits. 

General Profile of EigenSUrf8CeS, K VB Fi .  

The crooses (+) at K - 11.0 represent limiting orbits. 
(Mr. C. Wagner first noticed the difference between 

classes TC and l?). 
Detailed Profile, K vs Fi, showing the (a), (g), (v), (B), 
and (a) classes. 

Figure lb: 

Figure 2a: 

Figure 2b: 

n, rigure 2c: %2taf?ed Pr=fFle, K V8 P Sh!X!%r?g tht (81, (613 (k): ( ! I )$  i 
and (a) classes. 

The crosses (+) at K - 11.0 represent limiting orbits. 
0 

Figure 3a: Ejection Orbits, Ei = 0, K - 8.0 to 11.5. 

Where the values of the Jacobi integral are not explicitly 

given, the increment from one curve to the next is constant. 

This remark holds for the subsequent figures, also. 

Figure 3b: Ejection Orbits, = 0, K = 10.8 to 15.2. 

Figure 4a: 
Figure 4b: 
Figure Sa: 

:i 
Ejection Orbits, Fi - 0, K = 8.0 to 11.0. 

Ejection Orbits, 3, - 0, K = 11.0 to 15.0. 
Ejection Orbits as a Function of Initial Angle measured 

from the + F-axis, 0' to 60.. for K = 10.0. 

Ejection Orbits as a Function of Initial Angle measured 

from the + F-axis, 60" to 120", for K - 10.0. 
Ejection Orbits as a Function of Initial Angle measured 

from the + F-axis, 120" to 180", for K = 10.0. 

Trajectories Normal to the F-axis, K - 12.5, Fi - -1.25 to 
-0.50. Over the latter part of its course, the trajectory 

for F - -1.2 follows rather closely that for F = -1.15. 

Trajectories Normal to the F-axis, K = 12.5, Fi - -0.70 to 1.75. 
Trajectories Normai to the E-axis, K = 12.5, Ei = -1.80 to 0. 

Trajectories Normal to the E-axis, K = 12.5, Ei - 0 to +1.60. 

Figure 5b: 

Figure Sc: 
I 

I 
Figure 6a: 

i i 
rigure 6b: 

Figure 6c: I 

Fikure 6d: 



Captions - continued 

Figure 7: Simple Periodic Orbits for K - 12.5. 
Figure 8a: Development of the (8) Claes, near mass m 2' 

The curves are numbered in order along the profile (E or F) 
starting with 1 near the mass m and increasing until the 

limiting orbit in Figure 8c is reached. 
2 

Figure 8b: Development of the (g) Class, Intermediate Part. 

Figure 8c: Development of the (8) Class, Termination. 
The curves from 22 onwards are started on the F-axis, 

instead of on the E-axis, for clarity of representation 

and for comparison vith Figure 7. 

Figure 9: Development of the (6) Claes (a closed group), from maximum 

K to minimum K. (For the reverse development, take the 

mirror images about the E-axis). 

The curves are numbered consecutively from 1 to 8, and 

have K-values of 15.428, 13.988, 12.0, 11.0, 10.23, 10.75, 

10.30, and 9.915 respectively. 

Figure 10: Pertodic Limiting Orbits (R = ll.O), Syuanetric vith respect 
to the E- or F-axis and Asymptotic to L4 and L (For 

complete half-orbits, t8ke the proper mirror images to 

couple L4 and L ). 
Curves VI, IX-XIV were calculated by C. Wagner. 
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